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CURVATURE PROPERTIES OF GO¨DEL METRIC
RYSZARD DESZCZ, MARIAN HOTLOS´, JAN JE LOWICKI, HARADHAN KUNDU AND ABSOS ALI
SHAIKH
Abstract. The main aim of this article is to investigate the geometric structures admitting by
the Go¨del spacetime which produces a new class of semi-Riemannian manifolds (see Theorem
4.1 and Theorem 4.4). We also consider some extension of Go¨del metric (see Example 4.1).
1. Introduction
In 1949 Go¨del [1] obtained an exact solution of Einstein field equation with a non-zero
cosmological constant corresponding to a universe in rotation and with an incoherent matter
distribution. In that paper he described a metric nowadays called Go¨del metric as exact and
stationary solution of Einstein field equation, which describes a rotating, homogeneous but
non-isotropic spacetime. Possessing a series of strange properties, it remains still today quite
interesting mathematically and significant physically. For example, it contains rotating matter
but have not singularity, and also it is cyclic Ricci parallel [2]. It is known that the Weyl
conformal tensor of the Go¨del solution has Petrov type D, and Go¨del solution is, up to local
isometry, the only perfect fluid solution of Einstein field equation admitting five dimensional
Lie algebra of Killing vectors. Go¨del spacetime is geodesically complete, its timelike curves
are closed [3]. Also Go¨del spacetime is not globally hyperbolic but diffeomorphic to R4 and is
simply connected. Go¨del metric is the Cartesian product of a factor R with a three dimensional
Lorentzian manifold with signature (−+++).
Go¨del metric and its properties have been studied by various authors to describe the Go¨del
universe. Kundt [4] studied its geodesics in 1956, and Hawking and Ellis [5] emphasized on
coordinates showing its rotational symmetry to draw a nice picture of its dynamics in their
book in 1973. Malament [6] calculated the minimal energy of a closed timelike curve of Go¨del
spacetime. In 2001 Radojevic´ [7] presented modification of Go¨del metric in order to find out
some other perfect fluid solutions. Induced matter theory and embedding of Go¨del universe
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in five-dimensional Ricci flat space was studied by Fonseca-Neto et. al. [8] in 2005. Riemann
extension of Go¨del metric was considered by Dryuma [2] in 2005, and Dautcourt et. al. [9]
studied light cone of Go¨del universe. Lanczos spin tensor of Go¨del geometry was studied by
Garcia-Olivo et. al. [10] in 2006. Go¨del metric in various dimensions was studied by Gu¨rses
et. al. [11]. Generalized Go¨del metric is given by Plaue et. al. [12] in 2008. The Go¨del metric
[1] is given by:
(1.1) ds2 = gijdx
idxj = a2
(
−(dx1)2 +
1
2
e2x
1
(dx2)2 − (dx3)2 + (dx4)2 + 2ex
1
dx2dx4
)
,
where −∞ < xi <∞, i, j ∈ {1, 2, 3, 4} and a2 = 1
2ω2
, ω is a non-zero real constant, which turns
out to be the angular velocity, as measured by any non-spinning observer located at any one of
the dust grains.
The object of the paper is to present the curvature properties of Go¨del metric. Section
2 deals with semi-Riemannian manifolds with cyclic parallel and Codazzi type Ricci tensor
and we provide a metric whose Ricci tensor is of Codazzi type but not cyclic parallel (see
Example 2.1). However, Go¨del spacetime is a manifold with cyclic parallel Ricci tensor but the
Ricci tensor is not of Codazzi type. Section 3 is concerned with rudiments of pseudosymmetry
type manifolds, and in the last section we investigate the geometric structures admitting by
Go¨del metric. Among others, it is shown that Go¨del spacetime is neither pseudosymmetric
nor Ricci pseudosymmetric but it is quasi-Einstein and a special type of Ricci generalized
pseudosymmetric (i.e., R ·R = Q(S,R)). Although, it is not conformally pseudosymmetric but
its Weyl conformal curvature tensor is pseudosymmetric (i.e., C ·C = κ
6
Q(g, C)) (see Theorem
4.1). Hence Go¨del spacetime induces a new class of semi-Riemannian manifolds which are quasi-
Einstein with pseudosymmetric Weyl conformal curvature tensor satisfying R · R = Q(S,R).
Finally, we consider some extension of Go¨del metric (see Example 4.1).
2. Manifolds with cyclic parallel and Codazzi type Ricci tensor
Let (M, g), dimM = n ≥ 3, be a connected paracompact manifold of class C∞ with the
metric g of signature (s, n− s), 0 ≤ s ≤ n. The manifold (M, g) will be called a semi(pseudo)-
Riemannian manifold. Clearly, if s = 0 or s = n then (M, g) is a Riemannian manifold. If
s = 1 or s = n − 1 then (M, g) is a Lorentzian manifold. Further, let ∇, R, S and κ be the
Levi-Civita connection, the curvature tensor, the Ricci tensor and the scalar curvature of the
semi-Riemannian manifold (M, g), respectively.
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The semi-Riemannian manifold (M, g) is called locally symmetric if ∇R = 0 (locally Rhijk, l =
0), which is equivalent to the fact that for each point x ∈ M the local geodesic symmetry is
an isometry. For 2-dimensional manifolds being of locally symmetric and being of constant
curvature are equivalent. But for n ≥ 3, the locally symmetric manifolds are a generalization
of the manifolds of constant curvature. A full classification of locally symmetric manifolds
is given by Cartan [13] for the Riemannian case, and Cahen and Parker ([14], [15]) for the
non-Riemannian case.
The semi-Riemannian manifold (M, g) is said to be Ricci symmetric if ∇S = 0 (locally
Sij, k = 0). Every locally symmetric semi-Riemannian manifold is Ricci symmetric but not
conversely. However, the converse statement is true when n = 3. For a compendium of natural
symmetries of semi-Riemannian manifolds, we refer to [16] and [17]. We mention that Gray
in [18], among other things, investigated various extensions of the class of Ricci symmetric
manifolds. We denote by A the class of semi-Riemannian manifolds whose Ricci tensor S is
cyclic parallel, i.e.,
(2.1) (∇XS)(Y, Z) + (∇Y S)(Z,X) + (∇ZS)(X, Y ) = 0
for all vector fields X , Y , Z ∈ χ(M), χ(M) being the Lie algebra of all smooth vector fields
on M . The local expression of (2.1) is Sij, k + Sjk, i + Ski, j = 0. A semi-Riemannian manifold
satisfying (2.1) is said to be a manifold with cyclic parallel Ricci tensor. We mention that D’Atri
and Nickerson [19] proposed to study some class of Riemannian manifolds whose curvature
tensor satisfies certain conditions of which the first one is equivalent to (2.1).
Evidently, every Ricci symmetric semi-Riemannian manifold is a manifold with cyclic parallel
Ricci tensor but not conversely. However, the converse statement is true if the Ricci tensor is
a Codazzi tensor. We recall that an (0, 2)-symmetric tensor B is said to be a Codazzi tensor
if it satisfies the Codazzi equation, i.e. (∇XB)(Y, Z) = (∇YB)(X,Z). The local expression
of the last equation is Bij, k = Bkj, i, where Bij are the local components of the tensor B. A
Codazzi tensor is trivial if it is a constant multiple of the metric tensor [20]. We denote by B
the class of semi-Riemannian manifolds with Ricci tensor S as Codazzi tensor, i.e. S satisfies
(∇XS)(Y, Z) = (∇Y S)(X,Z), for all vector fields X , Y , Z ∈ χ(M). Every Ricci symmetric
semi-Riemannian manifold is of class B but not conversely. Codazzi tensors are of great interest
in the geometric literature and have been studied by several authors, as Berger and Ebin [21],
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Bourguignon [22], Derdzinski ([23], [24]), Derdzinski and Shen [20], Ferus [25], Simon [26]; a
compendium of results is reported in Besse’s book [27].
We note that every semi-Riemannian manifold of constant curvature and hence Einstein
semi-Riemannian manifold is of class A as well as of B. We note that the scalar curvature κ of
every semi-Riemannian manifold of the class A or B is constant. We note that Go¨del spacetime
is of class A but not of class B.
It is known that Cartan hypersurfaces are Riemannian manifolds, with non-parallel Ricci
tensor, satisfying the generalized Einstein metric condition (2.1) ([28], Theorem 4.1). As it was
noted in [29](p. 109), the Cartan hypersurfaces do not satisfy
(2.2) ∇Z
(
S(X, Y )−
κ
2(n− 1)
g(X, Y )
)
= ∇Y
(
S(X,Z)−
κ
2(n− 1)
g(X,Z)
)
.
We mention that (2.2) is presented in the Table 1, pp. 432-433 of [27]. We also refer to [27] for
results on Riemannian manifolds satisfying (2.2). This was noted that Codazzi tensors occur
naturally in the study of harmonic Riemannian manifolds. The Ricci tensor is a Codazzi tensor
if and only if div R = 0 i.e., if and only if the manifold has harmonic curvature tensor [27].
We note that in a 3-dimensional Riemannian manifold (M, g), the following conditions:
(a) (M, g) is locally symmetric, (b) (M, g) is Ricci symmetric and (c) (M, g) is a conformally flat
manifold with cyclic parallel Ricci tensor, are equivalent [30]. Also for a Riemannian manifold
(M, g), n ≥ 4, the following conditions: (a) (M, g) is Ricci symmetric, (b) (M, g) is a manifold
with cyclic parallel Ricci tensor and harmonic conformal curvature tensor, and (c) (M, g) is a
manifold with cyclic parallel and Codazzi type Ricci tensor, are equivalent [30].
Example 2.1 (i) Let M = {(x1, x2, x3, x4) : xi > 0, i = 1, 2, 3, 4} be the subset of R4 endowed
with the metric g defined by ds2 = ε(dx1)2+x1 ((dx2)2 + (dx3)2 + (dx4)2), ε = ±1. It is easy to
check that (M, g) is a conformally flat quasi-Einstein Riemannian manifold, rank (S− 1
4(x1)2
g) =
1, whose scalar curvature κ is equal to zero, and the Ricci tensor S is of Codazzi type but not
cyclic parallel. Moreover, we have R · R = Q(S,R) and R · R = LQ(g, R), L = − 1
4ε(x1)2
.
(ii) Let M = {(x1, x2, . . . , x5) : xi > 0, i = 1, 2, . . . , 5} be the subset of R5 endowed with the
metric g defined by ds2 = ε(dx1)2 + x1 ((dx2)2 + . . .+ (dx5)2), ε = ±1. It is easy to check that
(M, g) is a conformally flat quasi-Einstein Riemannian manifold, rank (S− 1
2(x1)2
g) = 1, whose
scalar curvature κ is non-zero, κ = 1
ε(x1)2
, and the Ricci tensor S is not of Codazzi type and
not cyclic parallel. Moreover, we have R · R = Q(S,R) and R · R = LQ(g, R), L = − 1
4ε(x1)2
.
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3. Pseudosymmetry type curvature conditions
We define on a semi-Riemannian manifold (M, g), n ≥ 3, the endomorphisms X ∧A Y ,
R(X, Y ), C(X, Y ), K(X, Y ) and conh(R) by ([31], [32], [33], [34], [35])
(X ∧A Y )Z = A(Y, Z)X −A(X,Z)Y,
R(X, Y )Z = [∇X ,∇Y ]Z −∇[X,Y ]Z,
C(X, Y ) = R(X, Y )−
1
n− 2
(X ∧g LY + LX ∧g Y −
κ
n− 1
X ∧g Y ),
K(X, Y ) = R(X, Y )−
κ
n(n− 1)
X ∧g Y,
conh(R)(X, Y ) = R(X, Y )−
1
n− 2
(X ∧g LY + LX ∧g Y ),
respectively, where A is an (0, 2)-tensor on M , X, Y, Z ∈ χ(M). The Ricci operator L is
defined by g(X,LY ) = S(X, Y ), where S is the Ricci tensor and κ the scalar curvature of
(M, g), respectively. The tensor S2 is defined by S2(X, Y ) = S(X,LY ). Further, we define the
Gaussian curvature tensor G, the Riemann-Christoffel curvature tensor R, the Weyl conformal
curvature tensor C, concircular curvature tensor K and conharmonic curvature tensor conh(R)
of (M, g), by ([31], [32], [33], [34])
G(X1, X2, X3, X4) = g((X1 ∧g X2)X3, X4),
R(X1, X2, X3, X4) = g(R(X1, X2)X3, X4),
C(X1, X2, X3, X4) = g(C(X1, X2)X3, X4),
K(X1, X2, X3, X4) = g(K(X1, X2)X3, X4),
conh(R)(X1, X2, X3, X4) = g(conh(R)(X1, X2)X3, X4),
respectively. For (0, 2)-tensors A and B we define their Kulkarni-Nomizu product A ∧ B by
(see e.g. [32], [33], [35])
(A ∧ B)(X1, X2;X, Y ) = A(X1, Y )B(X2, X) + A(X2, X)B(X1, Y )
− A(X1, X)B(X2, Y )− A(X2, Y )B(X1, X).
We note that the Weyl conformal curvature tensor C can be presented in the following form
(3.1) C = R−
1
n− 2
g ∧ S +
κ
(n− 2)(n− 1)
G.
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For an (0, k)-tensor T , k ≥ 1 and a symmetric (0, 2)-tensor A we define the (0, k)-tensor A · T
and the (0, k + 2)-tensors R · T , C · T and Q(A, T ) by
(A · T )(X1, · · · , Xk) = −T (AX1, X2, · · · , Xk)− · · · − T (X1, X2, · · · ,AXk),
(R · T )(X1, · · · , Xk;X, Y ) = (R(X, Y ) · T )(X1, · · · , Xk)
= −T (R(X, Y )X1, X2, · · · , Xk)− · · · − T (X1, · · · , Xk−1,R(X, Y )Xk),
(C · T )(X1, · · · , Xk;X, Y ) = (C(X, Y ) · T )(X1, · · · , Xk)
= −T (C(X, Y )X1, X2, · · · , Xk)− · · · − T (X1, · · · , Xk−1, C(X, Y )Xk),
Q(A, T )(X1, · · · , Xk;X, Y ) = ((X ∧A Y ) · T )(X1, · · · , Xk)
= −T ((X ∧A Y )X1, X2, · · · , Xk)− · · · − T (X1, · · · , Xk−1, (X ∧A Y )Xk),
where A is the endomorphism of χ(M) defined by g(AX, Y ) = A(X, Y ). Putting in the above
formulas T = R, T = S, T = C or T = K, A = g or A = S, we obtain the tensors: R ·R, R ·S,
R · C, R ·K, C · R, C · S, C · C, C ·K, Q(g, R), Q(g, S), Q(g, C), Q(g,K), Q(S,R), Q(S, C),
Q(g,K), S ·R, S ·C, S ·K, conh(R) · conh(R), conh(R) ·R, R · conh(R), conh(R) ·S, etc. The
tensor Q(A, T ) is called the Tachibana tensor of the tensors A and T , or the Tachibana tensor
for short ([36]). We like to point out that in some papers, Q(g, R) is called the Tachibana
tensor (see e.g. [36], [37], [38], [39]). We also have
Proposition 3.1. (cf. [40]) For any semi-Riemannian manifold (M, g), n ≥ 4, we have
conh(R) · S = C · S −
κ
(n− 2)(n− 1)
Q(g, S),
R · conh(R) = R · C,
conh(R) · R = C · R−
κ
(n− 2)(n− 1)
Q(g, R),
conh(R) · conh(R) = C · C −
κ
(n− 2)(n− 1)
Q(g, C).(3.2)
A semi-Riemannian manifold (M, g), n ≥ 3, satisfying the condition
(3.3) R ·R = 0
is called semisymmetric ([41]). We mention that non-conformally flat and non-locally symmetric
semi-Riemannian manifolds having parallel Weyl conformal curvature tensor are semisymmetric
([42], Theorem 9), their scalar curvature is equal to zero ([42], Theorem 7) and the Ricci tensor is
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a Codazzi tensor ([42], eq. (6)). We refer to [43]-[46] for the recent results on semi-Riemannian
manifolds with parallel Weyl conformal curvature tensor and, in particular, for classification
results. Semi-Riemannian warped products having parallel Weyl conformal curvature tensor
were investigated in [47]. We also mention that, recently, conformally semisymmetric manifolds
and special semisymmetric Weyl conformal tensors are studied in [48]. Another important
subclass of semisymmetric semi-Riemannian manifolds form manifolds satisfying
(3.4) ∇∇R = 0.
We refer to [49] and [50] and references therein for results on manifolds satisfying (3.4).
A semi-Riemannian manifold (M, g), n ≥ 3, is said to be pseudosymmetric [51] if the tensor
R · R and the Tachibana tensor Q(g, R) are linearly dependent at every point of M . This is
equivalent to
(3.5) R · R = LRQ(g, R)
on UR = {x ∈ M : R −
κ
n(n−1)G 6= 0 at x}, where LR is some function on this set. We refer
to [52], [53], [16], [37] and [17] for surveys on such manifolds. In particular, a geometrical
interpretation of pseudosymmetric manifolds, in the Riemannian case, is given in [37].
We note that [51] is the first publication, in which a semi-Riemannian manifold satisfying (3.5)
was named the pseudosymmetric manifold. In [51] pseudosymmetric warped products with 1-
dimensional base manifold and (n−1)-dimensional fibre, n ≥ 4, which is not a semi-Riemannian
space of constant curvature, were investigated. In [54] it was shown that hypersurfaces in spaces
of constant curvature, with exactly two distinct principal curvatures at every point, are pseu-
dosymmetric. Thus in particular, Cartan’s and Schouten’s investigations of quasi-umbilical
hypersurfaces in spaces of constant curvature are closely related to pseudosymmetric manifolds
(cf. [16]). It is clear that every semisymmetric manifold is pseudosymmetric. However, the
converse statement is not true. For instance, the Schwarzschild spacetime, the Kottler space-
time and the Reissner-Nordstro¨m spacetime satisfy (3.5) with non-zero function LR [55] (see
also [56], [57]). We also mention that Friedmann-Lemaˆıtre-Robertson-Walker spacetimes are
pseudosymmetric (cf. [16]). It is well-known that the Schwarzschild spacetime was discovered
in 1916 by Schwarzschild, during his study on solutions of Einstein’s equations. It seems that
the Schwarzschild spacetime is the first example of a non-semisymmetric, pseudosymmetric
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warped product. Finally, we note that (3.5) is equivalent to (e.g. see [53])
(3.6) (R− LRG) · (R− LRG) = 0.
We also note that in [58] Chaki introduced another kind of pseudosymmetry. However, both
notions of pseudosymmetry are not equivalent. Throughout the paper we will confine the
pseudosymmetry related to (3.5).
A semi-Riemannian manifold (M, g), n ≥ 3, is said to be Ricci-pseudosymmetric ([59], [60])
if the tensor R · S and the Tachibana tensor Q(g, S) are linearly dependent at every point of
M . Thus the manifold (M, g) is Ricci-pseudosymmetric if and only if
(3.7) R · S = LS Q(g, S)
holds on US = {x ∈ M : S −
r
n
g 6= 0 at x}, where LS is some function on this set. We note
that US ⊂ UR. It is easy to check that (3.7) is equivalent to
(3.8) (R − LS G) · (S − LS g) = 0.
We refer to [52], [32], [16], [29] and [37] for surveys and comments on such manifolds. A geomet-
rical interpretation of Ricci-pseudosymmetric manifolds, in the Riemannian case, is given in [38].
It is clear that every pseudosymmetric semi-Riemannian manifold is Ricci-pseudosymmetric.
However, the converse statement is not true. For instance, the Cartan hypersurfaces of dimen-
sion 6, 12 or 24 are non-quasi-Einstein and non-pseudosymmetric Ricci-pseudosymmetric man-
ifolds ([61], see also [32], [29]). The 3-dimensional Cartan hypersurface is a quasi-Einstein pseu-
dosymmetric manifold [54]. We mention that recently quasi-Einstein Ricci-pseudosymmetric
hypersurfaces in semi-Riemannian spaces of constant curvature were investigated in [62].
A semi-Riemannian manifold (M, g), n ≥ 4, is said to be conformally pseudosymmetric
([53], [63]) if the tensor R · C and the Tachibana tensor Q(g, C) are linearly dependent at
every point of M . Again a semi-Riemannian manifold (M, g), n ≥ 4, is said to be a manifold
with pseudosymmetric Weyl conformal curvature tensor ([63], [53]) if the tensor C · C and the
Tachibana tensor Q(g, C) are linearly dependent at every point of M . This is equivalent to
(3.9) C · C = LC Q(g, C)
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on UC = {x ∈M : C 6= 0 at x}, where LC is some function on this set. We note that UC ⊂ UR.
It is easy to check that (3.9) is equivalent to
(3.10) (C − LC G) · (C − LC G) = 0.
Using (3.1), we also can check that (3.6) and (3.10) are equivalent on every Einstein manifold.
As it was stated in [63], any warped product M1 ×F M2, with dim M1 = dimM2 = 2, satisfies
(3.9). Thus in particular, the Schwarzschild spacetime, the Kottler spacetime and the Reissner-
Nordstro¨m spacetime satisfy (3.9).
A semi-Riemannian manifold (M, g), n ≥ 3, is said to be Ricci-generalized pseudosymmetric
([64], [65]) if at every point ofM the tensor R ·R and the Tachibana tensor Q(S,R) are linearly
dependent. Hence (M, g) is Ricci-generalized pseudosymmetric if and only if
(3.11) R · R = LQ(S,R)
holds on U = {x ∈M : Q(S,R) 6= 0 at x}, where L is some function on this set. An important
subclass of Ricci-generalized pseudosymmetric manifolds is formed by the manifolds realizing
the condition ([64], [66])
(3.12) R · R = Q(S,R).
At the end of this section we also present some other curvature conditions closely related
to the above presented conditions. Namely, it was stated in [67], on every hypersurface M
immersed isometrically in a semi-Riemannian space of constant curvature N , dim N = n + 1,
n ≥ 4, we have
(3.13) R · R−Q(S,R) = −
(n− 2)κ˜
n(n + 1)
Q(g, C),
where κ˜ is the scalar curvature of the ambient space. It is clear, that if the ambient space is
a semi-Euclidean space then (3.13) reduces to (3.12). We also note that any warped product
M1 ×F M2, with dim M1 = 1, dimM2 = 3, satisfies [68]
(3.14) R · R−Q(S,R) = LQ(g, C),
for some function L on UC . Thus generalized Robertson-Walker spacetimes fulfills (3.14). In
particular, Friedmann-Lemaˆıtre-Robertson-Walker spacetimes satisfy (3.12). We mention that
the Vaidya spacetime also satisfies (3.14) ([35], Example 5.2).
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The conditions: (3.5), (3.7), (3.9), (3.11) and (3.14) or other conditions of this kind are called
conditions of pseudosymmetry type. We refer to [52], [31], [53], [32] and [16] for surveys on
semi-Riemannian manifolds satisfying such conditions. In particular, we refer to [69] for recent
results on quasi-Einstein manifolds satisfying curvature conditions of this kind.
It is easy to check that on every Ricci-pseudosymmetric manifold the following condition is
satisfied ([70], Lemma 3.3; [71], Proposition 3.1(iv))
(3.15) R(LX, Y, Z,W ) +R(LZ, Y,W,X) +R(LW,Y,X, Z) = 0.
Semi-Riemannian manifolds (M, g), n ≥ 3, satisfying (3.15) are called Riemann compatible
([72], [73]). We also note that (3.15) remains invariant under geodesic mappings. In [36]
(Proposition 2.1) it was proved that (3.15) holds on every manifold satisfying (3.14). Thus in
particular, manifolds satisfying (3.12) are also Riemann compatible ([64], Lemma 2.2 (i)). We
refer to [74], [75] and [76] for further results on Riemann compatible manifolds.
4. Go¨del metric admitting geometric structures
Let on R4 be given the Go¨del metric g defined by (1.1) and let h, i, j, k, l.m ∈ {1, 2, 3, 4}.
From (1.1) the non-zero components Γhij of the Christoffel symbols of second kind of g are given
by [1]:
Γ412 =
ex
1
2
, Γ214 = −e
−x1 , Γ414 = 1, Γ
1
22 =
e2x
1
2
, Γ124 =
ex
1
2
.
Further, the non-zero components Rhijk and Sij of the Riemann-Christoffel curvature tensor R
and the Ricci tensor S, respectively, and the scalar curvature κ are given by [1]:
R1212 =
3
4
a2e2x
1
, R1214 =
1
2
a2ex
1
, R1414 =
a2
2
, R2424 =
1
4
a2e2x
1
,
S22 = e
2x1 , S24 = e
x1 , S44 = 1 and κ =
1
a2
.
Again the non-zero components Rhijk,l and Sij,l of the covariant derivatives of the Riemann-
Christoffel curvature tensor ∇R and the Ricci tensor ∇S, respectively, are given by:
R1212,1 = a
2e2x
1
, R1214,1 =
1
2
a2ex
1
, R1224,2 =
1
4
a2e3x
1
,
S12,2 = −
e2x
1
2
, S14,2 = −
ex
1
2
, S22,1 = e
2x1 , S24,1 =
ex
1
2
.
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The non-zero components Chijk of the Weyl conformal curvature tensor C are given below:
C1212 =
1
3
a2e2x
1
, C1214 =
1
6
a2ex
1
, C1414 =
a2
6
, C2424 =
1
12
a2e2x
1
,
C1313 = −
1
6
a2, C2323 = −
5
12
a2e2x
1
, C2334 =
1
3
a2ex
1
, C3434 = −
1
3
a2.
The non-zero components (R · R)hijklm of the tensor R · R are given below:
(R · R)122412 =
1
4
a2e3x
1
, (R · R)122414 =
1
4
a2e2x
1
,
(R · R)121224 = −
1
2
a2e3x
1
, (R · R)121424 = −
1
4
a2e2x
1
.
The non-zero components Q(S,R)hijklm of the Tachibana tensor Q(S,R) are given below:
Q(S,R)122412 =
1
4
a2e3x
1
, Q(S,R)122414 =
1
4
a2e2x
1
,
Q(S,R)121224 = −
1
2
a2e3x
1
, Q(S,R)121424 = −
1
4
a2e2x
1
.
The non-zero components (C · C)hijklm of the tensor C · C are given below:
(C · C)122412 =
1
24
a2e3x
1
, (C · C)132312 =
1
12
a2e2x
1
, (C · C)133412 = −
1
12
a2ex
1
,
(C · C)122313 = −
1
8
a2e2x
1
, (C · C)123413 =
1
12
a2ex
1
, (C · C)142313 = −
1
12
a2ex
1
,
(C · C)143413 =
1
12
a2, (C · C)122414 =
1
24
a2e2x
1
, (C · C)132314 =
1
12
a2ex
1
,
(C · C)133414 = −
1
12
a2, (C · C)121323 =
1
24
a2e2x
1
, (C · C)232423 = −
1
24
a2e3x
1
,
(C · C)243423 =
1
24
a2e2x
1
, (C · C)121224 = −
1
12
a2e3x
1
, (C · C)121424 = −
1
24
a2e2x
1
,
(C · C)232324 =
1
12
a2e3x
1
, (C · C)233424 = −
1
24
a2e2x
1
.
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The non-zero components Q(g, C)hijklm of the Tachibana tensor Q(g, C) are given below:
Q(g, C)122412 =
1
4
a4e3x
1
, Q(g, C)132312 =
1
2
a4e2x
1
, Q(g, C)133412 = −
1
2
a4ex
1
,
Q(g, C)122313 = −
3
4
a4e2x
1
, Q(g, C)123413 =
1
2
a4ex
1
, Q(g, C)142313 = −
1
2
a4ex
1
,
Q(g, C)143413 =
1
2
a4, Q(g, C)122414 =
1
4
a4e2x
1
, Q(g, C)132314 =
1
2
a4ex
1
,
Q(g, C)133414 = −
1
2
a4, Q(g, C)121323 =
1
4
a4e2x
1
, Q(g, C)232423 = −
1
4
a4e3x
1
,
Q(g, C)243423 =
1
4
a4e2x
1
, Q(g, C)121224 = −
1
2
a4e3x
1
, Q(g, C)121424 = −
1
4
a4e2x
1
,
Q(g, C)232324 =
1
2
a4e3x
1
, Q(g, C)233424 = −
1
4
a4e2x
1
.
Thus we see that R4 equipped with the Go¨del metric g has the following curvature properties:
(i) The Ricci tensor is cyclic parallel [2], the rank of the Ricci tensor S is 1 [1], precisely,
(4.1) S = κω ⊗ ω, κ =
1
a2
, ω = (ω1, ω2, ω3, ω4) = (0, ae
x1 , 0, a),
and the vector field X corresponding to 1-form ω is given by X = (0, 0, 0, 1
a
),
(ii) R · R = Q(S,R),
(iii) C · C = κ
6
Q(g, C),
(iv) 3R ·K − 2Q(S,K) = Q(S, C).
Go¨del metric also realizes the following pseudosymmetric type conditions:
(v)
(2a2L1 +
2
3
L2)(R · C + C · R) = (−
2
3
L1 +
1
9a2
L2)
(
Q(g, R)− 3Q(S,R)
)
+ L1Q(g, C) + L2Q(S, C),
where L1 and L2 are some functions. This condition implies that R ·C, C ·R, Q(g, R), Q(S,R),
Q(g, C) and Q(S, C) are linearly dependent.
(vi)
(L1 + L2)(C ·K +K · C) = (
1
12a2
L1 +
7
12a2
L2)Q(g, C) + L1Q(S, C)
−
1
2a2
L2Q(g,K) + L2Q(S,K),
where L1 and L2 are some functions. This condition implies that C ·K, K ·C, Q(g, C), Q(S, C),
Q(g,K) and Q(S,K) are linearly dependent.
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(vii)
(−
2
5
L1 +
12a2
5
L2)(K · conh(R) + conh(R) ·K)
= (
1
30a2
L1 −
6
5
L2)Q(g,K) + L1Q(S,K) + L2Q(g, conh(R))
+ (−
7
5
L1 +
12a2
5
L2)Q(S, conh(R)),
where L1 and L2 are some functions. This condition implies that K · conh(R), conh(R) · K,
Q(g,K), Q(S,K), Q(g, conh(R)) and Q(S, conh(R)) are linearly dependent.
(viii)
2a2L1(R · conh(R) + conh(R) · R) = −L1
(
Q(g, R)−Q(g, conh(R))
)
+ L2Q(S,R) + (2a
2L1 − L2)Q(S, conh(R)),
where L1 and L2 are some functions. This condition implies that R · conh(R), conh(R) · R,
Q(g, R), Q(S,R), Q(g, conh(R)) and Q(S, conh(R)) are linearly dependent.
We note that the condition rankS = 1 holds at a point of a semi-Riemannian manifold
(M, g), n ≥ 3, if and only if S ∧ S = 0 at this point. Further, it is easy to check that (iv) is an
immediate consequence of (ii) and S ∧ S = 0 and the definitions of the tensors C and K.
We also note that the condition (3.12) holds at every point x of a semi-Riemannian manifold
(M, g), n ≥ 3, at which the condition
ω(X1)R(X2, X3) + ω(X2)R(X3, X1) + ω(X3)R(X1, X2) = 0
is satisfied, where ω is a non-zero covector at x ([66], Theorem 3.1, [64], p. 110). However, in
case of Go¨del metric (3.12) holds, but does not satisfy the above condition. Since the Go¨del
metric is a product metric of a 3-dimensional metric and an 1-dimensional metric, the property
(3.12) also follows from Corollary 4.1 of [65]. As it was stated in Section 3, any semi-Riemannian
manifold satisfying (3.12) is Riemann compatible. Thus the Go¨del metric satisfies also (3.15).
Now (3.15), by (4.1), turns into ωrg
rs(ωhRsijk+ωjRsikh+ωkRsihj) = 0, where Rsijk and g
rs are
the local components of the the Riemann-Christoffel curvature tensor R and the tensor g−1 of
the Go¨del metric g. We note that the 1-form ω, with respect to Definition 3.1 of [77], is called
R-compatible and hence Weyl compatible. Thus we have
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Theorem 4.1. The Go¨del spacetime (M, g) is a cyclic Ricci parallel and Riemann compatible
manifold satisfying: rankS = 1, R · R = Q(S,R), conh(R) · C = conh(R) · conh(R) = 0,
C ·C = C · conh(R) = κ
6
Q(g, C) and the 1-form ω, defined by (4.1), is R-compatible as well as
Weyl compatible.
The above presented results lead to the following generalizations.
Let (M × N˜ , g = g× g˜) be the product manifold of an (n− 1)-dimensional semi-Riemannian
manifold (M, g), n ≥ 4, and an 1-dimensional manifold (N˜ , g˜). Moreover, let (M, g) be a confor-
mally flat manifold, provided that n ≥ 5. The local components Chijk, h, i, j, k ∈ {1, 2, . . . , n},
of the Weyl conformal curvature tensor C of (M × N˜ , g) which may not vanish identically are
the following (cf. [78], eqs. (49)-(51))
(4.2) Cabcd =
1
(n− 3)(n− 2)
(gadAbc − gacAbd + gbcAad − gbdAac),
(4.3) Cnbcn = −
1
n− 2
g˜nnAbc,
where Aab = Sab −
κ
n−1 gab, and gab and Sab denote the local components of the metric tensor g
and the Ricci tensor S of (M, g), respectively, a, b, c, d ∈ {1, 2, . . . , n − 1}, and κ is the scalar
curvature of (M, g). Further, we denote by UC the set of all points of (M × N˜ , g) at which the
Weyl conformal curvature tensor C of (M × N˜ , g) is non-zero. We note that the tensor C is
non-zero at a point of UC if and only if S 6=
κ
n−1 g at this point.
As an immediate consequence of Proposition 2 of [78] we get the following equivalence: (3.9)
holds on the set UC of the defined above manifold (M × N˜ , g) for some function LC on this set,
if and only if at every point of UC we have
(4.4) gbcAabAcd = (n− 3)(n− 2)LC Aad + λ gad,
(4.5) BadBbc − BacBbd =
(
(n− 2)2L2C −
λ
n− 1
)
(gadgbc − gacgbd),
where B = A + (n − 2)LC g, and λ is a constant. Furthermore, in view of Lemma 3.1 of [79],
at every point of UC (4.5) is equivalent to rankB = 1, i.e.
(4.6) rank
(
S −
(
κ
n− 1
− (n− 2)LC
)
g
)
= 1.
CURVATURE PROPERTIES OF GO¨DEL METRIC 15
Further, we denote by S and κ the Ricci tensor and the scalar curvature of (M×N˜ , g = g×g˜),
respectively. It is obviuos that S = S and κ = κ. Therefore (4.6) yields
(4.7) rank
(
S −
(
κ
n− 1
− (n− 2)LC
)
g
)
= 1.
From the above presented considerations and Proposition 3.1 it follows
Theorem 4.2. Let (M×N˜ , g = g× g˜) be the product manifold of an (n−1)-dimensional semi-
Riemannian manifold (M, g), n ≥ 4, and an 1-dimensional manifold (N˜ , g˜). Moreover, let
(M, g) be a conformally flat manifold, provided that n ≥ 5. If on M we have rank (S−ρ g) = 1,
for some function ρ, then rank (S − ρ g) = 1 and (3.9), i.e. C · C = LC Q(g, C), with LC =
1
n−2(
κ
n−1 − ρ), hold on M × N˜ . In particular, if the rank of the Ricci tensor of (M, g) is one,
then the rank of the Ricci tensor of M × N˜ is also one and (3.9), with LC =
κ
(n−2)(n−1) , or
equivalently, conh(R) · conh(R) = 0 holds on this manifold.
We present now an application of the last theorem.
From Theorem 4.1 of [67] it follows that a hypersurface M immersed isometrically in a semi-
Riemannian space of constant curvature N , dimN ≥ 5, is a quasi-umbilical hypersurface if and
only if it is a conformally flat manifold. Furthermore, using the Gauss equation of M in N ,
we can easily prove that if M is quasi-umbilical hypersurface then it is also a quasi-Einstein
manifold. These facts, together with Theorem 4.2, leads to the following
Theorem 4.3. Let (M, g) be a manifold which is isometric with a quasi-umbilical hypersurface
immersed isometrically in a semi-Riemannian space of constant curvature N , dimN ≥ 5. Let
(N˜, g˜) be an 1-dimensional manifold. Then the manifold (M×N˜ , g = g× g˜) is a quasi-Einstein
manifold with pseudosymmetric Weyl conformal curvature tensor.
In this way we obtain a family of quasi-Einstein manifolds with pseudosymmetric Weyl con-
formal curvature tensor. We mention that quasi-Einstein hypersurfaces with pseudosymmetric
Weyl conformal curvature tensor immersed isometrically in semi-Riemannian spaces of constant
curvature were investigated in [33].
Theorem 4.3 together with Theorem 4.2 and Example 4.1 of [68], yields
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Theorem 4.4. Let (M, g) be a manifold which is isometric with a quasi-umbilical hypersur-
face immersed isometrically in a semi-Euclidean space N , dimN ≥ 5. Let (N˜, g˜) be an 1-
dimensional manifold. Then the manifold (M × N˜ , g = g× g˜) is a quasi-Einstein manifold with
pseudosymmetric Weyl conformal curvature tensor satisfying R · R = Q(S,R).
Finally, we consider some extension of the Go¨del metric.
Example 4.1. (i) We define the metric g on M = {(t, r, φ, z) : t > 0, r > 0} ⊂ R4 by (cf. [80],
Section 1)
ds2 = (dt+H(r) dφ)2 −D2(r) dφ2 − dr2 − dz2,(4.8)
where H and D are certain functions on M . In the special case, if H(r) = 2
√
2
m
sinh2(mr
2
) and
D(r) = 2
m
sinh(mr
2
) cosh(mr
2
) then g is the Go¨del metric (e.g. see [80], eq. (1.6)).
(ii) Since the metric g defined by (4.8) is the product metric of a 3-dimensional metric and a
1-dimensional metric (3.12) holds on M . We can check that the Riemann-Christoffel curvature
tensor R of (M, g) is expressed by a linear combination of the Kulkarni-Nomizu products formed
by S and S2, i.e. by the tensors S ∧ S, S ∧ S2 and S2 ∧ S2,
R = φ1 S ∧ S + φ2 S ∧ S
2 + φ3 S
2 ∧ S2,
φ1 =
D2
τ
(2D2H ′′2 − 4DD′H ′H ′′ − 3H ′4 + 8DD′′H ′2 + 2D′2H ′2 − 8D2D′′2),
φ2 =
2D4
τ
(H ′2 − 4DD′′),
φ3 = −
4D6
τ
, H ′ =
dH
dr
, H ′′ =
dH ′
dr
,
τ = (H ′2 − 2DD′′)(D2H ′′2 − 2DD′H ′H ′′ −H ′4 + 2DD′′H ′2 +D′2H ′2),
provided that the function τ is non-zero at every point of M .
(iii) If H(r) = ar2, a = const. 6= 0 and D(r) = r then (4.8) turns into ([80], eq. (3.20))
ds2 = (dt+ ar2 dφ)2 − r2 dφ2 − dr2 − dz2.(4.9)
The spacetime (M, g) with the metric g defined by (4.9) is called the Som-Raychaudhuri so-
lution of the Einstein field equations ([81]). For the metric (4.9) the function τ is non-zero at
every point of M .
(iv) We refer to [32] and [82] for surveys on semi-Riemannian manifolds (M, g), n ≥ 4, having
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Riemann-Christoffel curvature tensor R expressed by a linear combination of the Kulkarni-
Nomizu products formed by g and S, i.e. by the tensors g ∧ g, g ∧ S and S ∧ S. In particular,
we mention that in the class of the Reissner-Nordstro¨m-de Sitter spacetimes there are space-
times having that property ([35], Example 5.3).
It may be mentioned that we have calculated the local components of various tensors using
Wolfram Mathematica, as well as SymPy and Maxima packages for symbolic calculation.
Conclusion:
By considering the dust particles as galaxies, the Go¨del spacetime can be taken as a cosmo-
logical model of rotating universe. Although Go¨del spacetime is not a realistic model of the
universe in which we live but it realized many peculiar properties. For example, the existence
of closed timelike curves implies a form of time travel in an alternative universe described by
the Go¨del spacetime. Also Go¨del spacetime is quasi-Einstein, Ricci tensor is cyclic parallel but
not Codazzi type, which may be physically interpreted as the content of the spacetime is of
rotating matter without singularity. It is neither pseudosymmetric nor Ricci pseudosymmetric
but a special type of Ricci generalized pseudosymmetric, and it is not conformally pseudosym-
metric but its Weyl conformal curvature tensor is pseudosymmetric (i.e., C ·C = κ
6
Q(g, C)) and
also the spacetime is Riemann compatible as well as Weyl compatible (Theorem 4.1). Hence
Go¨del spacetime forced us to obtain a new class of semi-Riemannian manifolds which is quasi-
Einstein with pseudosymmetric Weyl conformal curvature tensor and is a special type of Ricci
generalized pseudosymmetric manifolds (Theorem 4.4).
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